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Abstract. We present universal Turing machines with state-symbol pairs of (5,5), (6,4), (9,3) 
and (15,2). These machines simulate our new variant of tag system, the bi-tag system and are the 
smallest known single-tape universal Turing machines with 5, 4, 3 and 2-symbols, respectively. Our 
5-symbol machine uses the same number of instructions (22) as the smallest known universal Turing 
machine by Rogozhin. Also, all of the universal machines we present here simulate Turing machines 
in polynomial time. 

Keywords: small universal Turing machine, 2-tag system, bi-tag systems. Post system, computa¬ 
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1. Introduction 

Shannon [24] was the first to discuss the prohlem of finding the smallest possible universal Turing ma¬ 
chine. In 1962 Minsky [11] constructed a 7-state, 4-symbol universal Turing machine that simulates 
Turing machines via 2-tag systems [2]. Minsky’s technique of 2-tag simulation was extended by Ro¬ 
gozhin [23] to construct small universal Turing machines with state-symbol pairs of (24,2), (10,3), 
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Figure 1: Current state-symbol plot of small universal Turing maehines. The non-universal eurve shows 
Turing maehines that are known to have a deeidable halting problem. 


(7,4), (5, 5), (4, 6), (3,10) and (2,18). Subsequently some of these maehines were redueed in size to 
give maehines with state-symbol pairs of (3,9) [7], (19, 2) [1] and (7,4) [1]. Figure 1 is a state-symbol 
plot where the eurrent smallest 2-tag simulators of Rogozhin et al. are plotted as eireles. 


Here we present universal Turing maehines with state-symbol pairs of (5,5), (6,4), (9,3) and (15, 2). 
The 5, 4, and 3-symbol maehines have previously appeared in [16]. The new 15-state, 2-symbol maehine 
we present here is a signifieant improvement on the 18-state, 2-symbol maehine that appeared in [16]. 
All of these maehines simulate Turing maehines via bi-tag systems and are plotted as triangles in Fig¬ 
ure 1. These maehines improve the state of the art in small universal Turing maehines and reduee the 
spaee between the universal and non-universal eurves. Our 5-symbol maehine uses the same number 
of instruetions (22) as the eurrent smallest known universal Turing maehine (Rogozhin’s 6-symbol ma¬ 
ehine [23]). Also, our 5-symbol maehine has less instruetions than Rogozhin’s 5-symbol maehine. Sinee 
Minsky [11] eonstrueted his 7-state, 4-symbol maehine, a number of authors [1, 21, 23] have given 4- 
symbol maehines. Rogozhin [23] improved on Minsky’s result by giving a 7-state, 4-symbol maehine 
with 26 instruetions and Baioeehi [1] further improved on this result to give a 7-state, 4-symbol maehine 
with 25 instruetions. Our 4-symbol maehine is the first reduetion in the number of states sinee Minsky’s 
maehine. In faet, in 1991 Robinson [21] noted that when eonsidering the numbers of states and symbols 
of the maehines eonstrueted sinee Minsky’s maehine “there is no known sueh maehine whieh deereases 
one parameter without inereasing the other.” It is interesting to note that the eurrent universal eurve in 
Figure 1 is no longer symmetrie about the line where the number of states is equal to the number of 
symbols. (For a brief period, the universal eurve was symmetrie following the work in [16].) 
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Recently, the simulation time overhead of Turing machines by 2-tag systems was improved from 
exponential [2] to polynomial [30]. More precisely, if M is a single tape deterministic Turing machine 
that runs in time t, then the universal Turing machines of Minsky and Rogozhin et al. now simulate M in 
0(f®(logf)^) time. It turns out that the time overhead can be improved to 0(f^(logf)^) [13]. In earlier 
work [15] we gave the smallest known universal machines that directly simulate Turing machines. These 
machines run in time 0{t^) and are plotted as squares in Figure 1. Our new universal Turing machines 
are polynomial time simulators of Turing machines. Specifically, our new machines simulate one-tape 
deterministic Turing machines, with a time overhead of 0(f®): they simulate bi-tag systems (quadratic 
time overhead), which in turn simulate one tape deterministic Turing machines (cubic time overhead). 

The halting problem has been shown to be decidable for the following state-symbol pairs: (2, 2) [5, 
18], (3, 2) [19], (2, 3) (Pavlotskaya, unpublished), (1, n) [4], and (n, 1) (trivial) for n ^ 1. Thus, these 
results induce the non-universal curve which is illustrated in Figure 1. More on small universal Turing 
machines, and related notions, can be found in [8, 9, 13, 29, 28]. 

In Section 2 we show that bi-tag systems simulate Turing machines. We begin by introducing the 
clockwise Turing machine, and then prove that it simulates Turing machines. Following this we introduce 
bi-tag systems and prove that they simulate clockwise Turing machines. Section 3 begins with the input 
encodings to each of the universal Turing machines. This is followed by an overview of the simulation 
algorithm used by our machines. Then, each of the universal Turing machines are given along with a 
more detailed look at their operation. The final parf of fhe paper. Section 4, confains some discussion 
and conclusions. This paper is an exfended version of fhe paper fhaf appeared in [16], if confains new 
resulfs, exfra proofs and discussion. 

1.1. Preliminaries 

The Turing machines considered in fhis paper are deferminisfic and have one fape. Our universal Turing 
machine wifh m sfafes and n symbols is denofed Um,n- We wrife ci h C 2 if a configuration C 2 is obfained 
from Cl via a single compufafion sfep. We lef ci h* C 2 denofe a sequence of t compufafion sfeps and lef 
Cl h* C 2 denofe 0 or more compufafion sfeps. Also, we lef {x) denofe fhe encoding of objecf x and e 
denofe fhe empfy word. 

2. Bi-tag systems simulate Itiring machines 

2.1. Clockwise Turing machines simulate Turing machines 

A clockwise Turing machine is a Turing machine fhaf has a single fape, which is circular, and whose fape 
head moves only in a clockwise direction. The operation of clockwise Turing machines is quife similar 
fo fhaf of fhe circular Posf machines of Kudlek and Rogozhin [6]. 

Definition 2.1. (Clockwise Turing machine [14]) 

A clockwise Turing machine is a fuple C = {Q, S, /, qi, q\Q\)- Q and S are fhe finife sefs of sfafes and 
fape symbols, respectively. qi € Q is fhe sfarf sfafe and q|Q| G Q is fhe half sfafe. The fransifion function 
/ : (5 X S ^ {S U SS} X (5 is undefined on sfafe q|Q| and is defined for all q £ Q, q ^ g|Q|. 

We wrife f as a lisf of clockwise fransifion rules. Each clockwise fransifion rule is a quadruple 
t = {qx, cri,v, qy), wifh initial sfafe qx, read symbol cji, wrife value n G {S U SS} and nexf sfafe qy. 
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(a) (b) 




Figure 2: (a) Example Turing maehine tape eontents. The Turing maehine’s blank symbol is ai. (b) 
Cloekwise Turing maehine eneoding of the Turing maehine tape eontents in (a), the symbols cTr and ai 
eneode the infinite sequenee of blank symbols to the right and left of M’s eneoded tape eontents. 


A eloekwise transition rule is exeeuted as follows: If the write value v is from S then the tape eell 
eontaining the read symbol is overwritten by v, if v is from SS then the eell eontaining the read symbol 
becomes two cells, each of which contain a symbol from v. The machine’s state becomes qy and the tape 
head moves clockwise by one tape cell. Here we define clockwise Turing machines fo be deferminisfic. 

Lemma 2.1. Lef M be a deferminisfic Turing machine wifh a single fape fhaf computes in lime t, Ihen 
Ihere is clockwise Turing machine Cm fhaf simulafes fhe compufafion M in lime O(f^) and space 0{t). 


Proof: 

Lef M = ({gi,..., q|Q|}, {<ti, ..., cJ|s|}, ai,f, qi, {gtQ|}). Wilhoul loss of generality we can assume 
fhaf M is a Turing machine fhaf has fhe following reslriclions: (i) fhe blank symbol ai does nol appear 
as inpul lo M, (ii) M may read fhe blank symbol cji bul is nol permilled lo write if fo fhe fape, (iii) M 
has exacfly one final slale. Due lo fhe reslriclions placed on M we know lhal when M reads a blank 
symbol il is eilher al Ihe left or righl end of ils lape conlenls. We conslrucl a clockwise Turing machine 
Cm = {Qc: Sc, fc, <?i, <?|Q|) lhal simulates M, where Qc, Sc, /c are defined below. 

Sc — 

The symbol is a special marker symbol and symbols cr^ and ai encode Ihe infinite sequence of blank 
symbols lo fhe righl and left of M’s encoded lape conlenls, respeclively (see Figure 2). 

Qc ={^1,91,2, • • • , 9i,|E|, 9l,r-, 9l,r', 9l,«, 

92,92,2, • • • , 92,|S|, 92,r, 92,r', 92,Z, 


9|Q|, 9|Q|,2, • • • , 9|Q|,[S|, 9|Q|,r, 9|Q|,r', 9|(5!,/} 

We can Ihink of righl moves of M’s lape head as clockwise moves of Cm’s lape head. Here we give 
righl move Iransilion rules followed by Ihe clockwise Iransilion rules lhal simulate Ihem. 


Qxi I Ri Qy 

Qxi ; Qy 

(1) 

Qx-) ^j ■) R-) Qy 

Qxj 1 Qy 

(2) 
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where crj ^ ai. The eloekwise transition rule in Equation (2) simulates M printing the write symbol 
cjj over the blank symbol immediately to the left of its tape eontents. The eloekwise transition rule’s 
write value aiaj G SS also preserves af, the symbol that eneodes the infinite sequenee of blank symbols 
to the left of the tape eontents. 

The remaining right moving ease is when M’s tape head is over the blank symbol immediately to the 
right of its tape eontents. In sueh a ease Cm’^ tape head is initially over ar, and then immediately after 
simulation of the transition rule, Cm’^ tape head is again over ar- Immediately below are the eloekwise 
transition rules that simulate this ease. 


) R-i Qy 


Qxi 7 ^j^r 7 Qy,r' (*) 

Qy^r'7 ^i7 ^i7 Qy^r' (**) 


where ai € Sc — {crm 7 <Tr}- The eloekwise transition rule (*) prints M’s eneoded write symbol aj 
and sends Ca^’s eontrol into state Qyy. State qyy moves Cm’^ tape head around the tape to the eell 
eontaining ar- This eompletes the simulation of the transition rule. 

Left moving transition rules are more diffieult to simulate as Cm’^ tape head moves only eloekwise. 
Cm begins by marking the eurrent loeation of the tape head with the symbol am- Cm now moves 
eaeh symbol eloekwise by one eell. When Cm’^ tape head reads am the left move is eomplete. This 
proeess moves the tape head anti-eloekwise relative to the tape eontents, thus simulating a left move. 
Immediately below is given the eloekwise transition rules that mark the tape head’s loeation with the 
symbol am- 


Qx 7 ^l7 aj 7 L 7 Qy - (1x7 ^l^m7 Qy,] 

Qx 7 (TI7 aj 7 L7 Qy - Qx (Tj7qy,r 

Qx 7 (Tk7 Tj 7 ^7 Qy ■ Qx 7 (Tk7 (Tm7 Qy,j 

The eloekwise transition rules that move eaeh symbol eloekwise by one eell are of the form: 

Qy ,ni Qy,s 

where € Sc — {<7^}- When Cm’s tape head reads am then Cm is in a state of the form Qy^^ and 

the unique eloekwise transition rule defined by fhe sfafe-symbol pair (qy^^ 7 <Tm) will begin simulafion of 
fhe nexf fransifion rule. This fransifion rule is of fhe form cji, <7^, D, Qz) if as = ar 7 ai and of fhe 
form {qy, as7Cfk7 D, Qz) if <7^ / cr^, <7;. 

Inpuf fo M is eneoded for Cm by a finile sfafe fransdueer. Given Ibis eneoded inpuf Cm simulates 
fhe sequenee of t fransifion rules in M’s eompufafion and halls in sfafe ( 7 |g| fhe eneoding of M’s hall 
slate q|Q[. Cm uses spaee of 0{t)- A single eompufafion step of M is simulated in 0{t) steps of Cm- 
Thus fhe eompufafion lime of Cm is O(f^). □ 

2.2. Bi-tag systems simulate clockwise Turing machines 

In Ibis section we presenf fhe bi-fag syslem, our new varianl on fhe lag sysfem, and prove lhal if simulates 
Turing machines via clockwise Turing machines. The operation of a bi-lag sysfem is similar lo lhal of 
a slandard lag system [12]. Bi-lag systems are essenlially 1-lag syslems (and so Ihey read and delele 
one symbol per limesfep), augmenled wilh addilional conlexl sensilive rules lhal read, and delete, Iwo 
symbols per limeslep. 
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Definition 2.2. (Bi-tag system) 

A bi-tag system is a tuple {A, E, eh,P). Here A and E are disjoint finite sets of symbols and Ch & E is 
the halt symbol. P is the finite set of produetions. Eaeh produetion is of one of the following 3 forms: 

P{a) = a, P{e, a) € AE, P{e, a) € AAE, 

where a G A, e G E, and P is defined on all elements of {A U {{E — {eh}) x A)} and undefined on all 
elements of {eh} x A. Bi-tag systems are deterministie. 

A eonfiguration of a bi-tag system is a word of the form w = A* (AE U EA)A*. We eall w the dataword. 

Definition 2.3. (BTS computation step) 

A produetion is applied in one of two ways: 

(i) if s = as' then as' h s'P{a), 

(ii) if s = eas' then eas' h s'P{e, a). 

A bi-tag system eomputation is a finite sequenee of eomputation steps that are eonseeutively applied 
to an initial dataword. If eh is the leftmost symbol in the dataword then the eomputation halts. 

Example 2.1. (Bi-tag system computation.) Let bi-tag system Bi = ({ao, ai}, {cq, ei, 62 }, 62 , L*) 
where the set P = {ag —^ no; ®i —^ ®i) cqUo —^ etieg, egai —*• 0 - 162 , eiog —*■ ogeo, eioi —*■ 0162 }. 

Given the word aiegoo, the eomputation of Bi proeeeds as follows: 

oiegoo L egOgOi h aiOieg L oiegoi h egoioi h 010162 H 016201 h 620101 

The eomputation halts as the halt symbol 62 has beeome the leftmost symbol. 

Lemma 2.2. Let C be a eloekwise Turing maehine that runs in time t, then there is a bi-tag system Be 
that simulates the eomputation of C in time O(f^) and spaee 0(t). 

Before giving the proof of Lemma 2.2 we explain the proof idea. Eaeh A symbol of Be eneodes a 
symbol of C’s tape alphabet. Eaeh E symbol of Be eneodes a state of C. The loeation of the E symbol 
in the dataword represents the loeation of C’s tape head, as illustrated in Eigure 3. 

Each clockwise transition rule of C is simulated in the following way. The change of state, symbol 
and tape head position is simulated by executing a P production over the E x A pair that encodes 
the current state and read symbol (see Eigure 3(c)). A production is then applied to each symbol in 
the dataword. This moves the new E x A pair to the left of the dataword, in order to prepare for the 
simulation of the next clockwise transition rule. 

Proof: 

Let clockwise Turing machine C=({qi, ..., q\Q\}, {ai, ..., o'|Ej}) /> Q1:Q\q\)- We construct a bi-tag sys¬ 
tem Be that simulates C’s computation. 

Be = (Ae, Ee, e\Q\, Pe) 

where Ae, Ee, Pe are defined below. 


= {ai, ■ ■ • ,ajE|} 
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(C) 62 0 0 0 1 

0 0 1 1 63 

0 1 1 esO 
1 1 esO 0 
1 63O 0 1 

(d) 63 O 0 1 1 


apply 62 O ^ 163 
apply 0^0 
apply 0^0 
apply 1^1 
apply 1 —> 1 
simulation complete 


Figure 3: Bi-tag system simulating the clockwise transition rule (( 72 , 0 , 1 , 93 ). The clockwise Turing 
machine states 92 and (73 are encoded as 62 and 63 , respectively. The e symbols also mark the location 
of the simulated tape head, (a) A configuration of the clockwise Turing machine before execution of 
the clockwise transition rule, (b) A configuration of the clockwise Turing machine after execution of 
the clockwise transition rule, (c) Bi-tag system encoding of the configuration in (a), (d) Bi-tag system 
encoding of the configuration in (b). 


C’s tape symbols iti, ..., cj|s| are encoded as ai,..., a[s|, respectively. 

Ec = {ei,.. 

C’s states (71, ..., are encoded as 61, ..., e|Q|, respectively, and the encoded halt state 6|q| is the halt 
symbol of Bq- 


Pc = {ai ai ,... ,a|s| ^ a|s|} U P'(j 

P^ is the set of productions defined on {E — {e|Q|}) x A. There is one producfion in P^ for each 
clockwise fransifion rule in C. Clockwise fransifion rules fall in fwo cafegories, fhose fhaf wrife a single 
symbol from S and fhose fhaf wrife a pair of symbols from SS. The fwo possible clockwise fransifion 
rules, and fheir encodings as productions, are as follows 

{.Qxi ^j 1 Qy) ■ ^ 

{Qx 7 Ti, (Jj(7k, . dxOii ^ OjjCLfcCy 

We have consfrucfed a bi-fag sysfem Be thaf simulafes C. Be uses 0{t) space. To simulafe a 
compufafion sfep of C, a producfion is applied fo each symbol in fhe dafaword fhaf encodes fhe currenf 
configuration of C, as fhe example in Figure 3 illusfrafes. This fakes 0{t) sfeps and yields a new dafa¬ 
word fhaf encodes fhe nexf configurafion of C’s compufafion. In fhis way Be simulafes t sfeps of C’s 
compufafion in fime O(f^). The simulafion halfs when fhe half symbol e\Q\ fhaf encodes fhe half sfafe of 
C becomes fhe leffmosf symbol in fhe dafaword. □ 

Given a single fape deferminisfic Turing machine M fhaf runs in fime t, we conclude from Lem- 
mafa 2.1 and 2.2 fhaf M is simulafed by a bi-fag sysfem in fime O(f^). However fhis overhead is easily 
improved fo 0{t^) as fhe nexf fheorem shows. 

Theorem 2.1. Lef M be a deferminisfic Turing machine wifh a single fape fhaf compufes in fime t, fhen 
fhere is a bi-fag sysfem Bm fhaf simulafes fhe compufafion of M in time 0{t^) and space 0{t). 
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Proof: 

From Lemmata 2.1 and 2.2 a bi-tag system simulates the eomputation of M via a eloekwise Turing 
maehine Cm- From Lemma 2.1 Cm simulates M in time 0{t^). However Cm uses 0{t) spaee, henee 
Bm uses 0{t) spaee. Bm applies 0{t) produetions to simulate a eloekwise transition rule of Cm- Thus 
Bm simulates O(f^) eloekwise transition rules to simulate M via Cm in time 0{t^). □ 


3. Universal Turing machines 

In this seetion we give the input eneoding to our universal Turing maehines. Following this we give eaeh 
maehine and deseribe its operation by explaining how it simulates bi-tag systems. Let B = {A, E, eh,P) 
be a bi-tag system where A = {oi,..., Og} and E = {ei,..., eh}. The eneoding of i? as a word is 
denoted {B). The eneodings of symbols a ^ A and e € are denoted (a) and (e), respeetively. The 
eneodings of produetions P{a) and P(e, a) are denoted as {P{a)) and {P{e, a)), respeetively. 


Definition 3.1. The eneoding of a eonfiguration of B is of the form 

...ccc{B)S*C{{A)N)*(^{A)N{E) U {E){A)nY{A)N)*Dccc. .. (3) 

where {B) is given by Equation (4) and Tables 1, 2 and 3, S* and G are given by Table 1, and the word 
{{A)N)* (^{A)N(E) U {E){A)n'^ {{A)N)*D eneodes B’s dataword via Table 1. 

{B) =H{P{eh-i,aq))V{P{eh-i,ag.i ))... V{P{eh-uai)) 

• (4) 

H(P(ei, ag))H(P(ei, ag_i))... y(P(ei, ai)) 

V^{P{a,))V\P{a,.,))...V^{P{a,))V^ 

where V and H are given by Table 1. In Equation (3) the position of the tape head is over the rightmost 
symbol of G for t/ 15,2 and is immediately to the right of {B)S*G for eaeh of the other Turing maehines. 
The initial state is ui and the blank symbol is e. 



(Ui) 

(ej) 

{eh) 

S 

G 

N 

D 

V 

H 

U5,5 

^4i-l 


b^hq+3^ 

<P 

e 

S 

e 

s 

cdS 

Ue,4 

^8z—5 


fj8qih+l)+5g 

9^ 

e 

S 

b 

s 

Equation (5) 

L9.3 

^4i-l 


^ihq 

c 

e 

6 

€ 

See 

beebe 

Ul5,2 



(^Cbfhq+3bb 

(CC)2 

be 

bb 

€ 

eb 

bbeceb 


Table 1: Symbol values for Equations (3) and (4). The value of H for [76,4 is given by Equation (5) in 
Seetion 3.4. 
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{PM) 

{p{^jj ®*)) 

P{ej,a^) = akCm 

{P{Cj , Qi)) 

^5,5 




UeA 

g5gl2t-10^ 

^Agl2mq^^gl2k-W^ 

^4gl2q{h+l)+8^^gl2k-10g 

CO 

SSccSc^^ 



Ei5,2 

(c6)4(ccc6)2(cc)®*-5 

(c6)'5(cc)®™«(ccc6)2(cc)®'=-5 

(c6)3(ccc6)2(cc)®'‘«+3(ccc6)2(cc)®'=-'5 


Table 2: Encoding of P productions. Here ai,ak,av G A and ej,em, et G E. Given in the rightmost 
column is the special encoding for productions which cause the halt symbol to be printed. Note 
encodes such productions, that print eh, in the same way as its other productions. 



{P{ej,ai)) 

P(.^j J 

{P{ej,a^)) 

Gs.s 


6P^hq+14^^16k-2^^16v-6 

UeA 

g2gl2mq^^gl2hq+12k-4^^gl2v-W^ 

pgl2q{h+l)+8^^gl2hq+12k-4gggl2v-10g 

UgA 

^^^8mq+2g^8kg^8v 

g^^8hq+2g^8kg^8v 

Ul5,2 

(c6)^(cc)®’"^(ccc6)^(cc)®^“^(ccc6)^(cc)®’'“^ 

c6(ccc6)^(cc)®^^+^(ccc6)^(cc)®^“®(ccc6)^(cc)®““® 


Table 3: See caption text for Table 2. 


3.1. Universal Turing machine algorithm overview 

Each of our universal Turing machines use the same basic simulation algorithm. Here we give a brief 
description of the algorithm by explaining how our machines locate and simulate a production. The 
encoded production to be simulated is located using a unary indexing method as illustrated in Eigure 4. 
The encoded production, (P(aj)) or {P{ej,ai)) in Equation (4), is indexed (pointed to) by the number 
of symbols contained in the leftmost encoded symbol or pair of symbols in the encoded dataword (Equa¬ 
tion (3)). Eor illustration purposes we assume that we are using C/ 9 ^ 3 . If the leftmost encoded symbol is 
(oi) = 6 ^*“^ (Table 1) then the value 4i — 1 is used to index {P{ai)). If the leftmost encoded symbol 
is {ej ) = and (a*) = 6 ^*-^ is adjacent, then the value Ajq + 4i — 1 is used to index {P{ej,ai)). 
The number of b symbols in the encoded symbol, or pair of encoded symbols, is equal to the number of 
5c* words between the leftmost encoded symbol and the encoded production to be simulated. To locate 
this production, Ug ^3 simply changes one dc* word to 6b*, for each b in the leftmost encoded symbol or 
pair of encoded symbols. This process continues until the 6 that separates two encoded symbols in the 
dataword is read. Note from Equation (3) that there is no 6 marker between each (ej) and the (aj) to 
its right, thus allowing {ej){ai) to be read together during indexing. After indexing, our machines print 
the indexed production immediately to the right of the encoded dataword as shown in Eigure 5. After 
the indexed production has been printed, then (B), the encoding of B, is restored to its original value as 
illustrated in configurations (ii) and (iii) of Eigure 5. This completes the simulation of the production. 
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1 C^ ■ . . 7 -> 1 

I encoding , 


r of dataword 

5 ■■■ 5 {P)S {P)S {P) 6 {P) 6 

b b b 5 (a) (e) S 

K{aH 

5 • • • 5 {P)5 {P)5 {P) 6 {P) 6 

bbb 5 (a) (e) 5 

'll —tape head of [/ 

5 • • • 5 {P)5 {P)5 (P) 6 (P) 6 

bb 5 (a) (e) 5 


5 ■■■ 5 {P)5 {P}5 (P) 6 (P) $ 

^ bb 5 (a) (e) 5 


5 • • • 5 {P)5 {P)5 (P) 6 (P) $ 

^ b 5 (a) (e) 5 


5 ■■■ 5 {P)5 {P)5 (P) $ {P) $ 

^ ^ b 5 (a) (e) S 

1i 

5 • • • 5 {P)5 {P)5 (P) $ {P) $ 

0 ^ (a) (e) 6 


5 ••• 5 (E><5 (P>^ (E> $ {P)S 

(a) (e) 6 


indexed encoded 
production 


Figure 4: Indexing of an eneoded produetion during simulation of a produetion of B. The eneoded 
produetion {P), to be exeeuted, is indexed by reading the leftmost eneoded symbol (a) in the eneoded 
dataword and marking off 5 symbols in the eneoding of B. 

Extensive eomputer testing has been earried out on eaeh of our universal Turing maehines. 


3.2. t/ 9,3 
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U2 

U3 

Ui 

U5 

Uq 
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Us 
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c 

bRui 

cLus 

cLu^ 
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cRuq 

bLu4 

6Lu4 

cRwj 

bLu^ 

b 

cLu2 

cLu2 

bLui 

bLui 


bRuQ 

bRu'i 

cRug 

cRus 

S 

SRu3 

5Lu2 

5Rui 

5Lui 

SLus 

6Ruq 

SRuj 

5Rus 

cRui 


Table 4: Table of behaviour for t/g 3. 


Example 3.1. (C/ 9,3 simulating the execution of the production P(ai)) 

This example is presented using three eyeles. The tape head of 1/9 3 is given by an underline. The eurrent 
state of 1/9 3 is given to the left in bold. The dataword aiejai is eneoded via Equation (3) and Table 1 as 
66656^-^'^6^*“^(5 and P{ai) is eneoded via Table 2 as (P(ai)) = 56cc5c^. Erom Equation (3) we get the 
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encoding of bi-tag system B 


5 ■■■ 5 {P) 5 c c c ^ (P) ^ (P) ^ 

^ ^ P 5 (a) (e) 5 c c c • • • 


5 ■■■ 5 {P)5 ccc S (P) 5 (P) S 

bbP 5 {a) (e) 5 ccc ■■■ 

fr 

5 ■■■ 5 {P)5 cci $ {P)S (P) S 

bbP 5 {a) (e) 5 ccc ■■■ 

fr 

5 ■■■ 5 {P)5 cc4 S (P)S (P) S 

bbP5{a) (e) 5bcc ■■■ 

it 

5 ■■■ 5 {P)5 c4 4 5 {P)5 {P)5 

HP5{a) (e) 5bcc ■■■ 

it 

5 ■■■ 5 {P)5 c 4 4 ^ (P) ^ {P) ^ 

P P P 5 {a) (e) 5 b b c c • • • 

it 

5 ■■■ 5 {P)5 4iU {P)$ {P)$ 

P P P 5 (a) (e) 5 b b c c ■ ■ ■ 


5 ■■■ 5 {P)5 4iU {P)^ (P) ^ 

P P P 5 (a) (e) 5 b b b c • • • 

it 

1 encoding _j 

r of dataword 

5 ■■■ 5 {P)5 ccc 5 (P) 5 {P) 5 

cccc (a) (e) 5 bbb c ■ ■ ■ 


(i) 


(ii) 


(iii) 


It 




Figure 5: Printing of an encoded production during simulation of a production of B. Over a number of 
timesteps, the encoded production {P) that was indexed in configuration (i) of Figure 4, is printed to the 
right of the encoded dataword. 


initial configuration: 


ui, ... {P{a2)){6cc)‘^6Scc6c^Scc5ccSccbbb6b‘^^'^b‘^^ ^Sccc... 


Cycle 1 (Index next production). In Cycle 1 (Table 5), (/g^s reads the leftmost encoded symbol and 
locates the next encoded production to execute (see Figure 4). scans right until it reads b in state ui. 
Then C/ 9^3 scans left in states U 2 and until it reads the subword 5c*. This subword is changed to 5b* as 
1/9 3 scans right in states ui and u^. The process is repeated until C/ 9^3 reads b in state u^. This indicates 
that we have finished reading fhe leffmosf encoded symbol, or pair of encoded symbols, and fhaf fhe 
encoded producfion fo be execufed has been indexed. This signals fhe end of Cycle 1 and fhe beginning 
of Cycle 2. 



Ul 

U2 

U3 


Ui 

U 5 

Uq 

U7 

Us 

Ug 

c 

bRui 

cLu^ 

cLu 3 

c 

bLug 

cRuq 

bLui 

5Lui 

cRuj 

bLu^ 

b 

cLu 2 

cLu 2 

bLui 

b 

bLui 


bRuQ 

bRu7 



5 

5Ru3 

5Lu2 

5Rui 

5 

5Lui 

5Lus 

5Ruq 

5Ru7 

5Rus 



Table 6 : Cycle 2 of f/g^s. 


Table 5: Cycle 1 of C /9 3 . 
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h U2, ... {P{a2)){Scc)'^56cc5c^Scc5ccScccbb6b‘^^'^b‘^'^~^Sccc... 

M3, ... {P{a 2 )){bcc)‘^55cc5(?6cc5cc^cccbb5b'^^^b'^''~^5ccc... 

Ml, ... {P{a 2 )){ 5 cc)'^55cc5(?5cc5cc6bbbbb5b'^^^b'^'^~^5ccc... 

Ml, ... {P{a2)){Scc)^S6ccSc^5bbSbb6bbbbb6b‘^^%‘^^-^5ccc... 

M4, ... {P{a 2 )){Scc)‘^S 6 cc 6 c^ 5 bbSbb 6 bbbbb 6 b‘^^'^b'^^~^ 5 ccc ... 

In the configuration immediately above the encoded production (P(ai)) has been indexed and we have 
entered Cycle 2. 

Cycle 2 (Print production). Cycle 2 (Table 6 ) prints the encoded production, that was indexed in 
Cycle 1, immediately to the right of the encoded dataword (see Figure 5). (/g^s scans left in state M 4 and 
records the next symbol of the encoded production to be printed. If C/g^s reads the subword ccc it enters 
state uq, scans right, and prints b at the right end of the encoded dataword. A single b is printed for each 
cc pair that does not have 5 immediately to its left. If C/g^s reads the subword c5cc it scans right in state 
M 7 and prints 5 at the right end of the encoded dataword. This process is repeated until the end of the 
encoded production is detected by reading the subword S 6 cc which causes to enter Cycle 3. 

M4, ... {P{a 2 )){Scc)‘^ 6 Scc 6 c^cc{ 6 bb)^bbbdb‘^^'^b'^^~^ 6 ccc ... 

M6, ... {P{a2)){Sccf6Scc5c^bb{5bbfbbb6b'^^%'^^-^Sccc... 

^ 4 (ig+i)+i 4 {P{a 2 )){ 5 ccf 5 Scc 5 cHb{ 6 bbfbbb 6 b^^%^^-^Sccc... 

h M4, ... {P{a2)){dcc)^5Scc5cHb{5bbfbbb6b'^^%‘^^-^Sbccc... 

In the configuration immediately above the first symbol of the encoded production (P(ai)) has been 
printed. Following the printing of the final symbol of the encoded production we get: 

h* M4, ... {P{a2)){Sccf6Scc5b^{6bbfbbb6b^^%^^-^Sb^Sccc... 

Mg, ... {P{a2)){Sccfmbdb^{Sbbfbbbdb^^%^^-^5b^6ccc ... 

In the configuration immediately above we have finished printing the encoded production (P(ai)) to the 
right of the dataword and we have entered Cycle 3. 

Cycle 3 (Restore tape). Cycle 3 (Table 7) restores {B) to its original value (see configurations (ii) and 
(iii) in Figure 5). The tape head of 1/9 3 scans right switching between states Mg and ug changing b 
symbols to c symbols. This continues until Ug^g reads the <5 marking the leftmost end of the dataword in 
Mg. Note from Tables 2 and 3 and Equation (4) that there is an even number of b symbols between each 
pair of 6 symbols in {B) hence each 5 symbol in {B) will be read in state Mg. Each symbol in the 
dataword is encoded by an odd number of b symbols ((oj) = 6 ^*“^) and hence the first 6 symbol in the 
dataword will be read in state ug. This <5 symbol marks the left end of the new dataword and causes Ug^^ 
to enter state mi thus completing Cycle 3 and the production simulation. 

Mg, ... {P{a 2 )){dcc)'^S 5 ccSc^{Scc)^ccc 5 b^^‘^b'^^~^ 6 b^ 6 ccc ... 
h Ml, ... {P{a 2 )){ 6 cc)‘^ 66 ccSc^(Scc)^ccccbb‘^^'^~^b‘^^~^5b^ 6 ccc... 
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00 

b 

cRug cRus 

6 

SRug cRui 


Table 7: Cycle 3 of f/g^s. 

In the last eonfiguration of Cyele 3 our example simulation of produetion P{ai) is eomplete. 

Theorem 3.1. Given a bi-tag system B that runs in time t the eomputation of B is simulated by 1/9 3 in 
time 

Proof: 

In order to prove the eorreetness of C/9^3 we prove that 1/9^3 simulates any possible P{a) or P{e,a) 
produetion of an arbitrary bi-tag system and, that C/9 3 also simulates halting when the eneoded halt 
symbol {eh) is eneountered. In Example 3.1 C/9^3 simulates P{ai) for an arbitrary bi-tag system where 
ai is the leftmost symbol in a fixed dataword. This example easily generalises to any produetion P{ai) 
where a* is the leftmost symbol in an arbitrary dataword. When some e G 77 is the leftmost symbol in 
the dataword then some produetion P{e, a) must be exeeuted. The simulation of P(ai ) in Example 3.1 
is also used to verify the simulation of P(e, a). Note from Equation (3) that there is no S marker between 
eaeh (ej) and the adjaeent (oi) to its right, thus (ej) and (oj) are read together during Cyele 1. Using the 
eneoding in Definition 3.1, the number of b symbols in {ej){ai) indexes (P(e, a)). Thus, the indexing 
of {P{e, a)) is earried out in the same manner as the indexing of {P{a)). The printing of produetion 
{P{e, a)) during Cyele 2 and the subsequent restoring of {B) during Cyele 3 proeeed in the same manner 
as with P{ai). 

If the eneoded halt symbol (ch) = is the leftmost symbol in the eneoded dataword, and (oj) = 
is adjaeent, this is eneoded via Definition 3.1 as follows: 

«l, bccbc{P{eh-i, aq))6cc... (P{ai)){6cc)^{cc)*bb‘^’^'^~^b'^^~^6{{A)6)*ccc... 

During Cyele 1, immediately after reading the {Ahq -|- b symbol in the dataword, C/ 9^3 seans left in 
U 2 and we get the following: 

h* U 2 , bccbc{P{eh-i, aq))5cc... {P{ai)){5cc)^(cc)*ccc... 

Its, bbbbc{P{eh-i, aq))5cc ... {P{ai)){Scc)^ (cc)*c^'^‘^^^b‘^^~^S{{A)S)*ccc... 

There is no transition rule in Table 4 for the ease ‘when in read b’, henee the eomputation halts. □ 

The proof of eorreetness given for C/9^3 ean be applied to the remaining maehines in a straightforward 
way, so we do not restate it. 

3.3. C/5^5 

The dataword aiCjUi is eneoded via Equation (3) and Table 1 as bbb5b^^^b^^~^5, and P{ai) is eneoded 
via Table 2 as {P{ai)) = Erom Equation (3) we get the initial eonfiguration: 

ui, ... 6‘^{P{a2))S‘^66d^^66SbbbSb^^%^^-^dccc... 
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U2 

U 3 

Ui 

U5 
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bLui 

gRui 

bLu^ 
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gLui 

gRu 2 

dRu 5 

gRui 

dRus 
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cRu2 

cRu2 

SRu3 

cRui 

dRui 

c 

5Lui 

bLus 

5Lus 

5 Lu 3 


d 

bLui 

gRu 2 

bLu^ 

bLu 2 

bLui 


Table 8 : Table of behaviour for t/ 5 , 5 . 


Cycle 1 (Index next production). In Cycle 1 (Table 9) when C/ 5^5 reads b in state ui, it changes it to g 
and scans left until it reads S. This 6 is changed to c and then enters state U 2 and scans right until it 
reads g which causes it to re-enter state ui. This process is repeated until ( 75^5 reads the 6 that separates 
a pair of encoded symbols in the encoded dataword. This signals the end of Cycle 1 and the beginning 
of Cycle 2. 
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U 2 

t^5,5 

U 2 Us Ui Ms 
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bLui 

gRui 

9 

bLus 



b 

gLui 

gRu2 

h 

gRu2 gRui 
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cRu2 

cRu2 

6 

cRu2 5Ru 3 cRui 


U 3 U 5 

c 

SLui 


c 

bLu^ 5 Lu3 SLus 

b 

dRu5 dRus 

d 

bLui 


d 

gRu2 bLu^ bLu2 bLui 

6 

5Ru 3 dRui 

Table 9: Cycle 1 of 


Table 10: Cycle 2 of C/g.g. 

Table 11: Cycle 3 of f/s,. 


5- 


ui, ... S^{P{a2))6^6Sd^^S6cgbbSb^^%‘^^-^6ccc... 
ui, ... 5^{P{a2))5^5Sd^^cccggg6b*^%^^-^5ccc... 
h U2, .. .5^{P{a2))d^d5d^^cccgggcbb‘^^‘^~^b‘^^~^5ccc... 

Cycle 2 (Print production). Cycle 2 (Table 10) begins with C/ 5^5 scanning right and printing b to the 
right of the encoded dataword. Following this, C/ 5^5 scans left in state and records the next symbol of 
the encoded production to be printed. If 1/5 5 reads the subword dddd it enters state U 2 , scans right, and 
prints b at the right end of the encoded dataword. If C/s^s reads the subword 5dd it scans right in state 
U 4 and prints 5 at the right end of the encoded dataword. This process is repeated until the end of the 
encoded production is detected by reading 5 in state u^, which causes ( 75^5 to enter Cycle 3. 


h* 

“3, 

... 5‘^{P{a2))5^5M^dddm5bbb5b‘^^%‘^^-^5bccc 


U2, 

... 5\P{a2))S^SSd^dbbbS6dbbbdb^^%‘^^-^Sbccc. 

h* 

U3, 

... 5\P{a2))S‘^SSddb^d6SbbbSb^^%^^-^Sbbbccc. 


Ui, 

... 5^{P{a2))S^6dbbb^6S6bbb6b^^%^^-^6bbbccc. 

h* 

U 3 , 

... 5‘^{P{a2))6^mbb^6S6bbb6b'^^%'^^-^6bbb6ccc 


Cycle 3 (Restore tape). In Cycle 3 (Table 11) the tape head of ( 75^5 scans right switching between states 
tt 3 and tt 5 changing b symbols to d symbols. This continues until (Ts 5 reads the 6 marking the leftmost 
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end of the eneoded dataword in u^. Note from Tables 2 and 3 and Equation (4) that there is an even 
number of d symbols between eaeh pair of 5 symbols in {B) henee eaeh 5 symbol in {B) will be read in 
state tts- Eaeh ai symbol in the dataword is eneoded by an odd number of symbols ((a*) = and 

henee the first 5 symbol in the dataword will be read in state u^. This eauses C /5 5 to enter state ui thus 
eompleting Cyele 3 and the produetion simulation. 

ui, ... 6 ‘^{P{a 2 )) 5 ^ 55 d^^ 555 ddddhl!^^‘i-^h'^^-^ 5 hhh 5 ccc... 

Halting for 1 / 5 ^ 5 . If the eneoded halt symbol {eh) = is the leftmost symbol in the eneoded 

dataword then this is eneoded via Definition 3.1 as follows: 

ui, cdd{P{eh-i,aq))S ... 5^{P{ai))S^dd)*bb‘^^'^+^5{{A)5)*ccc... 

The eomputation eontinues as before until C/ 5^5 enters Cyele 2 and seans left in U 3 . Immediately after 
C/ 5^5 reads the leftmost d during this leftward sean we get: 

h* «5, cb6{P{eh-i,aq)y5... 5'^{P{ai)y6^{dd)*b'^^‘^+^5{{A)5)*bccc... 

In the eonfiguration above, {P)' denotes the word in whieh all the d symbols in {P) are ehanged to b 
symbols. There is no transition rule in Table 8 for the ease ‘when in read c’ henee the eomputation 
halts. 


3 . 4 . Uq^4 
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U4 

U5 
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bRu2 
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cRu2 
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gRub 

5Lus 
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Table 12: Table of behaviour for C/g, 4 . 

The dataword aiSjUi is eneoded via Equation (3) and Table (1) as bbb5b^^%^^~^5b. Erom Equation (3) 
we get the initial eonfiguration: 

ui, ... 5'^ {P{a2))5^ {P{ai))555bbb5b^V-^5bccc... 

Cycle 1 (Index next production). In Cycle 1 (Table 13) when C/ 6^4 reads b in state ui it scans left until it 
reads 5. This 5 is changed to c and Uq ^4 then enters state U 2 and scans right until it reads g which causes 
it to re-enter state ui. This process is repeated until C/ 6,4 reads the <5 that separates a pair of encoded 
symbols in the encoded dataword. This signals the end of Cycle 1 and the beginning of Cycle 2. 

Cycle 2 (Print production). Cycle 2 (Table 14) begins with C/ 6,4 scanning right and printing bb to the 
right of the encoded dataword. Eollowing this, C/ 6,4 scans left in state and records the next symbol of 
the encoded production to be printed. If C/ 6,4 reads the subword gggS or gggb it enters state U 2 , scans 
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Ml M 2 

U2 M 3 M 4 Ms Me 
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bLul gRui g 

6 Lm3 bRu2 bLue bLu4 


b 

gLui gRu2 b 

gRu2 bLu^ gRu4 

Ms Me 

5 

cRu 2 cRu 2 5 

cRu 2 5Lu5 cRu 4 5Ru 5 b 

gRue gRu5 

c 

5Lui c 

gRu^ 5 Lu3 cRu 5 bLu^ 5 

5Ru 5 gRui 


Table 13: Cycle 1 of {76,4. Table 14: Cycle 2 of {76.4. Table 15: Cycle 3 of {76,4- 

right, and prints bb at the right end of the eneoded dataword. If Uq ^4 reads the subword Sggb it seans 
right in state U 4 and prints 5b at the right end of the eneoded dataword. This proeess is repeated until 
the end of the eneoded produetion is deteeted by reading 5 in state u^, whieh eauses Uq ^4 to enter Cyele 3. 

Cycle 3 (Restore tape). In Cyele 3 (Table 15) the tape head of ( 76,4 seans right switehing between states 
U 5 and uq, ehanging b symbols to g symbols. This eontinues until { 76,4 reads the (5 marking the leftmost 
end of the eneoded dataword in u^. Note from Tables 2 and 3 and Equation (4) that there is an even 
number of g symbols between eaeh pair of 5 symbols in {B), henee eaeh 5 symbol in {B) is read in state 
U 5 . Eaeh Oj symbol in the dataword is eneoded by an odd number of symbols ((a*) = 6 ®*“^) and henee 
the first 5 symbol in the dataword is read in state uq. This eauses 11^,4 to enter state ui, thus eompleting 
Cyele 3 and the produetion simulation. 

Special case for { 76 , 4 . If we are simulating a produetion of the form P(e, a) = a^akem we have a speeial 
ease. Note from Table 3 and Cyele 2 that the simulation of P(e, a) = a^akem for { 76,4 results in the 
word being printed to the right of the dataword. Erom Table 1 it is elear that 

Ofc is not eneoded in this word in its usual from. However when { 76,4 reads the subword 
indexes {P{ak)) in H whieh results in (a^) being printed to the dataword. To see this, note that the value 
of H from Equation (4) for { 76,4 is as follows: 

H = cgbV^{P{aq))V\P{ag.i ))... V^{P{a 4 ))V^ (5) 

The halting eondition for { 76,4 oeeurs in a similar manner to that of { 75 , 5 . Halting oeeurs during the first 
sean left in Cyele 2 when { 76,4 reads c in state uq at the left end of {B) (note from Table 12 that there is 
no transition rule for state-symbol pair {uq, c)). 

3.5. {7i5,2 

Example 3.2. ({ 7 i 5,2 simulating the execution of the production P(ai)) 

The example dataword aiejai is eneoded via Equation (3) and Table (1) as cbcbcbbb{cb)^^'^{cb)^^~^bb 
and 7 ^( 01 ) is eneoded via Table 2 as (P(ai)) = (c6)^(ccc6)^(cc)^. Thus from Equation (3) we get the 
following initial eonfiguration 

Ml, ... (P(a 2 ))(c 6 )®(ccc 6 )^(cc)^ cb cb cb bccb cb cb bb (cb)^^^ {cb)^^~^ bbcc... 

In this example we explain how {7i5,2 operates by eonsidering how it treats pairs of symbols during eaeh 
eyele. Thus, the extra whitespaee between eaeh pair of symbols is to improve readability and help illus¬ 
trate our explanation of {7i5,2’s operation. 
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cRuig 
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Table 16: Table of behaviour for C/is 2 - 


Cycle 1 (Index next production). In Cycle 1 (Table 17) ? 7 i 5^2 scans right in states ui, U 2 and U 3 until 
it reads the subword ccb which it changes to cbc. Following this, it scans left in states U 4 , U 5 and uq 
until it reads the subword cb. This cb is changed to bb and ( 7 i 5,2 re-enters state ui and scans right. This 
process is repeated until (/i 5,2 has finished reading the encoded read symbol (a*) or symbols (oj) and 
{ej). This occurs when the sub word ccb no longer appears to the right of the tape head and signals the 
end of Cycle 1 and the beginning of Cycle 2. 
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Table 17: Cycle 1 of [/i 5 2 . 


|_20 

|_28 


U5, ... (P(a2))(c6)®(ccc6)^(cc)^ cb cb cb bcbc cb cb bb (cb)^^^ {cb)^^~^ bbcc.. 

«5, ... (P(a2))(c6)®(ccc6)^(cc)^ cb cbcb be be cb cb bb (cb)^^'^ {cb)^^~^ bbcc.. 

U2, ■ ■ ■ (P(a2))(c6)®(ccc6)^(cc)^ cb cb bb bcbc cb cb bb {cb)^^*^ {cb)^^~^ bbcc.. 

U2, ... (P(a2))(c6)®(ccc6)^(cc)^ cb bb bb be bcbc cb bb {ch)^^^ {cb)^''~^ bbcc.. 

U2, ... (P(a2))(c6)®(ccc6)^(cc)^ bb bb bb be be bcbc bb (cb)^^'^ {cb)^^~^ bbcc.. 


Note that in the configuration immediately above each cb subword in the encoded read symbol (ai) = 
ebebeb has been changed to the subword be. Note also that the substring ccb which causes a scan to the 
left in U 4 , U 5 , and uq no longer appears in the configuration to the right of the tape head. This causes 
C^i 5,2 to enter Cycle 2. 


Cycle 2 (Print production). Cycle 2 (Table 18) begins with (7i5_2 scanning right and printing cb to the 
right of the encoded dataword. Following this, Ui 5^2 scans left in states u^, us, ug, uig and un and 
records the next symbol of the encoded production to be printed. If, during a scan left, Ui ^^2 reads the 
subword ccc then it scans right in states ui and U 2 and changes the cc immediately to the right of the 
encoded dataword to cb. If, during a scan left, Ui 5^2 reads the subword ccbcc it scans right in states U 12 
and ni 3 and changes the first c to the right of the encoded dataword to b. This process is repeated until 
the end of the encoded production is detected by reading the subword bcbcc during the scan left. This 
causes C/ 15,2 to enter Cycle 3. 
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Table 18: Cycle2of [/i 5 , 2 . 

tti, ... {P{a 2 )){cb)^{cccb)‘^ cc cc cc ( 66 )^( 6 c)"^ bb (cb)^^^{cb)^^~^ bb cc cccc... 
tty, ... (P(a 2 ))(c 6 )®(ccc 6 )^ cc cc cc ( 66 )^( 6 c)"^ bb (cb)^^'^{cb)^^~^ bb cbcccc... 
« 7 , ... (P(a 2 ))(c 6 )®(ccc 6 )^ cc cc cc ( 66 )^( 6 c)"^ bb (c 6 )®-^^(c 6 )®*“^ bb cbcccc... 
tti, ... {P{a 2 )){cb)^{ccch)‘^ cc cchc {bb)^{bc)^ bb (c 6 )®'^'^(c 6 )®*“® bb cbcccc... 
Ur, ... {P{a 2 )){cb)^{ccch)‘^ cc cc be ( 66 )^( 6 c)"^ bb (c 6 )®'^'^(c 6 )®*“® bb cbcbcc... 


Each time the substring ccc is read during a scan left in states uj, ug, and ug C/ 15^2 scans right and prints 
cb to the right of the encoded dataword. Thus we get: 

h* Ur, ... {P{a 2 )){cb)^ ceeb ceeb ccbchc{hb)^{bc)'^bb{ch)^^^{cb)^'^~^ bb{ch)^ cccc... 

h® U 12 , ... {P{a 2 )){cb)^ cc cb cebb be be be {bb)^{bc)‘^ bb {ch)^^^{ch)^'^~^ bb (cb)^ cccc... 

h* Ur, ... (P{a 2 )){cb)^ ceeb ccbbbcbcbc{bb)^{bc)'^ bb {cb)^^'^{cb)^^~^ bb{cb)^ be cc... 

Each time the substring ccbcc is read during a scan left in states uj, ug, ug, ttio, and un t/ 15,2 scans right 
and prints b to the right of the encoded dataword. Thus we get: 

h* Ur, ... {P{a 2 )){cb)'^ cb cb cebbbebb {bc)^{bb)^{bc)‘^ bb{cb)^^^{cb)^^~^ bb{cb)^ bb cc... 

h® uu, ■■■ {P{a 2 )){chfcbhb be bb be bb {hcf{bbf{bcf bb {cbf^^cbf^-^ bb (cb)^ bbcc... 


When the substring bcbcc is read during a scan left in states tty, ug, ug, ttio, and un Cycle 2 is complete 
and Cycle 3 is entered. Thus in the configuration immediately above 1 / 15,2 has entered Cycle 3. 

Cycle 3 (Restore tape). In Cycle 3 (Table 19) the tape head of 17i5,2 scans right in states tti 4 and U 15 
changing each be to cc and each bb to cb. This continues until 17i5,2 reads c in state 1 x 14 . This c marks the 
leftmost end of the dataword. Note that during Cycles 1 and 2 each cc in {B) and each cb in the encoded 
read symbol are changed to the sub words be. Also during Cycles 1 and 2, each cb sub word in {B) is 
changed to the subword bb. Thus c will not be read in tti 4 until we encounter the sub word cb at the left 
end of the next encoded symbol to be read in the dataword. 

h® tti 5 , ... {P{a 2 )){cb)^ cb cb cc cb cc cb{hc)^{bb)^{bcY bb cb (c 6 )®-^^“^(c 6 )®*“® bb (cb)^ bbcc... 

h* ttl4, ... (P(a 2 ))(c 6 )^ cb cb cc cb cc cb (cc)^(c 6 )^(cc)^ ebeb (c 6 )®-^^“^(c 6 )®*“^ bb (cb)^ bbcc... 

ui, ... (P(a 2 ))(c 6 )®(ccc 6 )^(cc)^(c 6 )^(cc)^ beeb (c 6 )®'^'^“^(c 6 )®*“^ bb (cb)^ bbcc... 
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In the configuration immediately above the example simulation of production (P(ai)) is complete. The 
encoding of (ai) = {chf' has been appended onto the right end of the dataword, the encoded tag system 
{B) has been restored to its original value and t7i5^2 is ready to read the encoded symbols (ej) and (aj). 



U3 

U5 

Ul4 

Ul5 

c 


bRui 

cLu^ 

cRui4 

b 

cLu^ 


cRui5 

bRuli 


Table 19: Cycle 3 of [/i 5 , 2 . 

Halting for Ui5^2- If the halt symbol Ch, encoded as {e^) = is the leftmost symbol in the 

dataword then this is encoded via Definition 3.1 as follows: 

tti, bb cc cb {P{eh-i,aq)) cb ... (c6)^(P(ai))(c6)^((cc^))* bc{d)f'^^^^ bb {{A) bb)* cccc... 

The computation continues as before until t7i5^2 enters Cycle 2 and scans left in uy, ug, and ug. This 
scan ends with the following configuration: 

h Mio, bb be bb (P(e,,_i, a,))' bb ... {bbf{P{ai)y{bbf{{bcfy bb{{A) bb)* cbcc... 

In the configuration immediately above, {P)' denotes the word in which each cc and cb subword in (P) 
is changed to the subword be and bb, respectively. There is no transition rule in Table 16 for the case 
‘when in uio read c’ hence the computation halts. 

4. Conclusion 

In order to determine the minimum size for universal Turing machines we must identify the largest 
possible non-universal Turing machine. Traditionally this has been done by proving the halting problem 
decidable for a given state-symbol pair. For example the decidability results given in Figure 1 imply that 
a universal Turing machine, that simulates any Turing machine M and halts if and only if M halts, is 
not possible for these state-symbol pairs. Hence these results give lower bounds on the size of universal 
machines of this type. The decidable halting problem curve in Figure 1 could be considered a non¬ 
universality curve in this sense. Thus, following the new universal machines presented in this work there 
are 39 state-symbol pairs that remain open. 

There has been no improvement on universal Turing machine lower bound results since 1978, when 
Pavlotskaya [19] proved that the halting problem is decidable for 3-state, 2-symbol machines. The proof 
is quite long and complex, and improving on this result may well be difficult. As the state-symbol product 
increases, the number of possible machines increases exponentially. Thus it seems that a new approach 
needs to be taken. To find new lower bounds one possible method is to prove that some non-universal 
system simulates all of the Turing machines for a given state-symbol pair. 

It has been noted in the literature that Minsky’s 7-state, 4 symbol machine [11], which simulates 
2-tag systems, mutilates the final output. While it is true that Minsky’s machine changes the final out¬ 
put by making one extra pass over the dataword before halting, this does not prevent his machine from 
simulating all Turing machines. This is due to the following fact. When Cocke and Minsky’s 2-tag algo¬ 
rithm [2] (or the algorithms given in [13] and [30]) is used to simulate Turing machines, this extra pass 
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over the final dataword does not lose any information: in the sense that the simulated Turing machine’s 
final output can be retrieved by a (simple) decoding function. 

Since Minsky’s universal machine all of the smallest universal Turing machines (including our bi-tag 
simulators) have used a similar algorithm. Rogozhin [22, 23] extended Minsky’s technique to establish 
the universal curve. There have been incremental reductions in the size of many of Rogozhin’s machines. 
However, the smallest of Rogozhin’s machines, the 6-symbol machine, has not been improved upon since 
it was first presented almost 30 years ago. In order to significantly reduce the space between the decidable 
halting problem curve and the universality curve we suspect that a radically new approach must be taken. 
Below we give three methods to aid in the search for smaller universal Turing machines. 

The first approach is to look for some universal systems, other than 2-tag or bi-tag systems, that 
would require less instructions to simulate. Cyclic tag systems [3] may be used to give smaller machines. 
However, the operation of cyclic tag systems is similar to that of 2-tag and bi-tag systems so this may not 
give much of an improvement. Perhaps a simple universal cellular automaton could be simulated. The 
cellular automaton Rule 110 has given rise to very small weakly universal Turing machines [3, 17, 27]. 
In the proof of universality of Rule 110, the initial condition contains a finite sequence of states that is 
repeated infinitely often to the left, and another finite sequence that is repeated infinitely often to the 
right. These small Turing machines that simulate it use a similar kind of initial condition and are thus 
said to be weakly universal. Perhaps a sufficiently simple universal cellular automaton could be found 
that allows us to construct small Turing machines that are universal, rather than only weakly universal. 

Another approach is to simplify some existing universal model in order to make it easier to simulate. 
As an interesting example we will briefly consider small semi-weak machines (which are Turing ma¬ 
chines with an infinitely repeated word on one side of the input and the usual repeated blank symbol on 
the other side). Watanabe [25] gave a small semi-weakly universal Turing machine with 5 symbols and 6 
states that simulates Turing machines directly. Later, Watanabe [26] gave a small semi-weakly universal 
Turing machine with 4 symbols and 5 states that simulates restricted Turing machines. Watanabe noted 
that Turing machines with a binary {0,1} tape alphabet, where the tape head always moves right on 1 
and left on 0, are universal. Because of this restriction, Watanabe’s encoded table of behaviour for each 
Turing machine had no need to include information about the direction of movement of the tape head. 
This in turn simplified the problem of simulating Turing machines. 

A third approach is to find an encoding that allows many different operations to be carried out by the 
same group of instructions. For example, this approach aided in the construction of the smallest known 
universal Turing machines [15] that simulate Turing machine directly. The encoding used by these 
machines allowed each set of transition rules to serve more than one purpose. A single set of transition 
rules reads both the encoded current state and the encoded read symbol. Another set of transition rules (1) 
prints the encoded write symbol (2) moves the simulated tape head and (3) establishes the new encoded 
current state. Combining steps in this way has reduced the number of transition rules needed for these 
machines. 

The small universal machines we have given here conform to the classical model used by Minsky [12] 
and Shannon [24]. Generalising the Turing machine model often allows us to find universal Turing 
machines with smaller state-symbol products, such as the small weakly universal machines in [3, 17, 27], 
and the semi-weakly universal machines in [25,26, 29]. It is important to note that the decidability results 
given in Figure 1 do not give lower bounds for such machines. In order to give relevant lower bounds 
for these machines new decidability results must be given for these more general models. We note also 
that the weak machines in [3, 17] do not halt and thus proving the halting problem decidable does not 
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immediately imply lower bounds relevant for these maehines. 

If we restriet the standard Turing maehine model then the problem of finding maehines with small 
state-symbol produets often beeomes more diffieult. Some examples of restrieted small universal Turing 
maehines have been given by Margenstern [9]. Margenstern also gives a number of deeidability results 
for restrieted universal Turing maehines. 

By giving upper and lower bounds, some boundaries have been found for the smallest possible uni¬ 
versal maehines in terms of numbers of states and symbols with respeet to more general Turing maehine 
models [10, 20]. However, there are many open questions remaining in the world of small universal Tur¬ 
ing maehines. What are the trade-offs between number of states/symbols, spaee/time eomplexity, and 
eneoding eomplexity in small universal Turing maehines? How do the smallest possible universal ma¬ 
ehines for the different generalisations and restrietions eompare? Do the upper and lower bounds meet? 
That is, do there exist maehines in the spaee between the smallest possible universal Turing maehines 
and the largest maehines with a deeidable halting problem? To this day Shannon’s 50 year old question, 
regarding the smallest possible universal Turing maehine, still remains unanswered. 
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